Let E be an elliptic curve over Q. We assume that E has good supersingular
Our first application is related to the weak Birch and Swinnerton-Dyer conjecture. Let L(E, s) be the L-function of E. The so called weak Birch and Swinnerton-Dyer conjecture is the statement

Conjecture (Weak BSD)
L(E, 1) = 0 ⇐⇒ rank E(Q) > 0.
(
We know by Kolyvagin that the right hand side implies the left hand side, but the converse is still a very difficult conjecture. For a prime number p, let
Sel(E/Q) p ∞ be the Selmer group of E over Q with respect to the p-power torsion points E[p ∞ ]. Hence Sel(E/Q) p ∞ sits in an exact sequence
where X(E/Q)[p ∞ ] is the p-primary component of the Tate-Shafarevich group of E over Q. In this paper, we are interested in the following conjecture.
Conjecture 0.1 L(E, 1) = 0 ⇐⇒ # Sel(E/Q) p ∞ = ∞
This is equivalent to the weak Birch and Swinnerton-Dyer conjecture if we assume #X(E/Q)[p ∞ ] < ∞. (Of course, the problem is the implication from the left hand side to the right hand side. ) We note that Conjecture 0.1 is obtained as a corollary of the main conjecture in Iwasawa theory for E over the cyclotomic Z p -extension Q ∞ /Q. We also remark that if the sign of the functional equation is −1, Conjecture 0.1 was proved by Skinner-Urban [24] and Nekovář [16] in the case when p is ordinary, and by Byoung-du Kim [10] in the case when p is supersingular.
In this paper, we will give a simple condition which can be checked numerically and which implies Conjecture 0.1.
Suppose that p is an odd supersingular prime with a p = 0. We identify We conjecture that the converse is also true, namely Conjecture 0.2
(Again, the problem is the implication from the left hand side to the right hand side.) Our first theorem says that Conjecture 0.2 implies Conjecture 0.1, namely
Theorem 0.3 Assume that (f /g)(0) = f (T ) g(T ) T =0
does not equal (p − 1)/2.
Then, Sel(E/Q) p ∞ is infinite.
This result in a different terminology was essentially obtained by PerrinRiou (cf. [19] Proposition 4.10, see also §1.6 in this paper), but we will prove this theorem in §1. 4 by a different and simple method, using a recent formulation of Iwasawa theory of an elliptic curve with supersingular reduction. In §1, we also review the recent formulation of such supersingular Iwasawa theory.
Conversely, assuming condition ( * ) 0 which will be introduced in §1. 4 and which should always be true, we will show in §1. 4 that the weak BSD conjecture (1) 
Note that the left hand side is algebraic information and the right hand side is p-adic analytic information. The weak BSD conjecture (1) is usually regarded to be a typical relation between algebraic and analytic information. The above Corollary 0.5 also gives such a relation, but in a different form. (Concerning the meaning of (f /g)(0) = p− 1 2 , see also §1.6.)
We note that f (T ) and g(T ) can be computed numerically and the condition (f /g)(0) = (p − 1)/2 can be checked numerically. For example, for N = 17 and 32, we considered the quadratic twist E = X 0 (N) d of the elliptic curve X 0 (N) by the Dirichlet character χ d of conductor d > 0. For p = 3 (which is a supersingular prime in both cases with a p = 0), we checked the condition (f /g)(0) = (p − 1)/2 for all E d such that L(E d , 1) = 0 with 0 < d < 500 and d prime to 3N . We did this by computing (f /g)(0) − (p − 1)/2 mod 3 n ; the biggest n we needed was 7 for E = X 0 (32) Corollary 0.6 implies a small result on the Main Conjecture (Proposition 1.5, see §1.5). The case r = 1 will be treated in detail in §2.
0.2.
In 0.1, we explained that the computation of the value (f /g)(0)
It is natural to ask what this value means. In the case r = 1, we can interpret this value very explicitly by using the p-adic Birch and Swinnerton-Dyer conjecture (cf. Bernardi and Perrin-Riou [1] and Colmez [4] ).
In this case, for a generator P of E(Q)/E(Q) tors , the p-adic Birch and Swinnerton-Dyer conjecture predicts that logÊ(P ) is related to f (0)− p−1 2 g (0) where logÊ is the logarithm of the formal groupÊ (see §2.6 (11)). Using this formula for logÊ(P ), we can find P numerically. More precisely, we compute
which is a point on E(Q p ), and which would produce a point on E(Q) with a slight modification (see §2.7). Namely, we can construct a rational point of infinite order p-adically in the case r = 1 as Rubin did in his paper [22] §3 for a CM elliptic curve. Note here that we have an advantage in the supersingular case in that the two p-adic L-functions together encode logÊ(P ) (and not just the p-adic height of a point).
We did the above computation for quadratic twists of the curve X 0 (17) with p = 3. We found a rational point on X 0 (17) by this method, namely 3-adically. To get this rational point, we had to compute the value (2) modulo 3 80 (to 80 3-adic digits) to recognize that the modified point constructed from the value (2) is a point on E(Q). For the curve X 0 (32) and p = 3 we did a similar computation and found rational points on X 0 (32) d for all d with 0 < d < 150, gcd (d, 6) , and the rank of X 0 (32) d is 1. In §4, there are tables listing points for both of these curves.
To compute f (0) and g (0) to high accuracy, the usual definition of the p-adic L-function (namely, the computation of the Riemann sums to approximate f (0) and g (0)) is not at all suitable. We use the theory of overconvergent modular symbols as in [21] and [6] . We will explain in detail in §2 this theory and the method to compute a rational point in practice.
0.3.
Next, we study a certain important subgroup of the Selmer group over Q ∞ . This is related to studying common divisors of f (T ) and g(T ). For any algebraic extension F of Q, we define the fine Selmer group Sel 0 (E/F ) by
where Sel(E/F ) p ∞ is the Selmer group of E over F with respect to E[p ∞ ], and v ranges over primes of F lying over p. (The name "fine Selmer group" is due to J. Coates.) Our interest in this subsection is in Sel 0 (E/Q ∞ ).
Let Q n be the intermediate field of Q ∞ /Q with degree p n . We put e 0 = rank E(Q) and Φ 0 (T ) = T . For n ≥ 1, we define
which is a non-negative integer,
The Pontryagin dual Sel 0 (E/Q ∞ ) ∨ of the fine Selmer group over Q ∞ is a finitely generated torsion Z p [[Gal(Q ∞ /Q)]]-module by Kato [9] . Concerning the characteristic ideal, Greenberg raised the following problem (conjecture) (see §3.1)
We remark that this "conjecture" has the same flavor as his famous conjecture on the vanishing of the λ-invariants for class groups of totally real fields.
Let Sel ± (E/Q ∞ ) be Kobayashi's ±-Selmer groups ( [12] , or see 1.5). By definition we have Sel 0 (E/Q ∞ ) ⊂ Sel ± (E/Q ∞ ). In this subsection, we assume the μ-invariant of Sel ± (E/Q ∞ ) vanishes. Using Kato's result [9] we know g(T ) ∈ char Sel [12] Theorem 1.3, see also 1.5). Hence, a generator of char Sel 0 (E/Q ∞ ) ∨ divides both f (T ) and g(T ). Thus, in the supersingular case, we can check this conjecture (Problem 0.7) numerically in many cases, by computing f (T ) and g(T ).
For example, suppose that rank E(Q) = e 0 and min{λ(f (T )), λ(g(T ))} = e 0 . Then, we can show that the above "conjecture" is true and, moreover, In §3.2 we raise a question on the greatest common divisor of f (T ) and g(T ) (Problem 3.2), and study a relation with the above Greenberg "conjecture" (see Propositions 3.3 and 3.4).
We would like to heartily thank R. Greenberg for fruitful discussions on all subjects in this paper, and for his hospitality when both of us were invited to the University of Washington in May 2004. Furthermore, we learned to use Wingberg's result from him when we studied the problem in Proposition 3.4 (1). We would also like to express our hearty thanks to G. Stevens We will give here a slightly different construction of these homomorphisms using the results of the first author in [13] .
Suppose that E has good supersingular reduction at an odd prime p with a p = p + 1 − #E(F p ) = 0. We denote by T = T p (E) the Tate module, and set
, and identify Λ with Z p [[T ] ] by identifying γ with 1 + T . We put
where the limit is taken with respect to the corestriction maps. We will define two Λ-homomorphisms 
is the dual exponential map of Bloch and Kato (which is the dual of the exponential map: 
(note that we slightly changed the notation γ n , P n from [13] ).
Put G n = Gal(Q p,n /Q p ), and let i :
be the natural maps. We define
These elements satisfy a distribution property; namely, we have
where
is the corestriction map. This relation can be proved by showing ψ(π n,n−1 P n (z)) = ψ(−ν n−2,n−1 P n−2 (N n,n−2 (z))) for any character ψ of G n−1 (cf. the proof of Lemma 7.2 in [13] ).
Our identification of γ with 1 + T , gives an identification of
which is the p m -th cyclotomic polynomial evaluated at 1 + T . The above distribution relation implies that Φ n−1 divides P n (z). By induction on n, we can show
Suppose that z is an element in H 1 loc , and z n ∈ H 1 (Q p,n , T ) is its image. Suppose at first n is odd, and write P n (z n ) = ω
n T = ω n ; so we regard h n (T ) as an element in this ring. By the above distribution property, we know that ((−1) (n+1)/2 h n (T )) n:odd≥1 is a projective system with respect to the natural maps
. By the same method as above, the distribution property implies that ((−1) (n+2)/2 k n (T )) n:even≥1 is a projective system, so it defines
we have obtained two power series from z ∈ H 1 loc . We define Col :
The next lemma will be useful in what follows.
, and exp
We note that exp
2), hence the right hand side of the above formula is in Z p .
Proof. This follows from the construction of Col ± (z) and Lemma 3.5 in [13] (cf. the proof of Lemma 7.2 in [13] , pg. 220).
An exact sequence.
We have defined
This homomorphism induces
Proposition 1.2 We have an exact sequence
Proof. First of all, we note that H 1 loc is a free Λ-module of rank 2. In fact,
is bijective. Taking the dual, we get an isomorphism (H
is a free Z p -module of rank 2, and so H 1 loc is a free Λ-module of rank 2.
By Lemma 1.1, we know ρ • Col = 0. Hence, to prove Proposition 1.2, it suffices to show that the cokernel of Col is isomorphic to Z p .
Kobayashi defined two subgroups
Definition 8.16). We will explain these subgroups in a slightly different way (this idea is due to R. Greenberg). Since E(Q p,n ) ⊗ Q p is the regular representation of G n , it decomposes into n i=0 V i where the V i 's are irreducible representations such that dim Qp V 0 = 1, and dim
) is defined to be the subgroup consisting of all points P ∈ E(Q p,n ) ⊗ Z p such that the image of P in V i is zero for every odd i (resp. for every positive even i). 
which completes the proof.
p-adic L-functions and Kato's zeta elements.
We now consider global cohomology groups. For n ≥ 0, let Q n denote the intermediate field of Q ∞ /Q with degree p n . We define
where the limit is taken with respect to the corestriction maps, and S is the product of the primes of bad reduction and p. The image of z ∈ H 1 glob in H 1 loc we continue to denote by z. In our situation, H 1 glob was proved to be a free Λ-module of rank 1 (Kato [9] Theorem 12.4). Kato constructed an element
glob with the following properties [9] . For a faithful character
is the modular element of Mazur and Tate [15] , which satisfies the distribution property π n,n−1 θ Qn = −ν n−2,n−1 θ Q n−2 , and the property that for a faithful character ψ of G n = Gal(Q n /Q) with n > 0,
Ω E where τ (ψ) is the Gauss sum, and ψ : 
As the second author proved in [20] , there are two Iwasawa functions f (T ) and
and
where log
. Let P n be as in §1.1, and z K = ((z K ) n ) be the zeta element of Kato. By Lemma 7.2 in [13] by the first author, we have
(we note that we need no assumption (for example on L(E, 1)) to get (5)).
Since we know that L p,α is also obtained as the limit of
using (5), we obtain
Comparing this formula with (3), we have proved 
This contradicts our assumption. Hence, h ξ (0) = 0. This implies that the image ξ Qp 
Next, we introduce condition ( * ) 0 . We consider the composite
of natural maps, and the property
This property ( * ) 0 should always be true. In fact, it is a consequence of the p-adic Birch and Swinnerton-Dyer conjecture. More precisely, it follows from a conjecture that a certain p-adic height pairing is non-degenerate (see Perrin-Riou [17] pg. 979 Conjecture 3.3.7 B and Remarque iii)).
We now prove Theorem 0.4. As we saw in the proof of Proposition 1. 
* (e 0 1 ) = 0, and, by Lemma 1.1, Col + (e 1 )(0) = 0, and Col
+ (e 2 )(0) = Col − (e 2 )(0) = 0. We also have that Col + (e 2 ) (0) = 0 and Col − (e 2 ) (0) = 0. This follows from the fact that the determinant of the Λ-homomorphism Col :
which contradicts Proposition 1.2. Now we assume ( * ) 0 and rank
by Lemma 1.4 below which we will prove later. Therefore, a(0) = 0. Hence, ( * ) 0 implies that b(0) = 0. Thus, we get
Our last task in this subsection is to prove the following well-known property.
Proof of Lemma 1.4. We first note that
where S is the product of the primes of bad reduction and p. Since V is self-dual, by the Tate-Poitou duality we have an exact sequence
1.5. Main Conjecture. We review the main conjectures in our case. We define Sel ± (E/Q ∞ ) to be the Selmer group which is defined by replacing the local condition at p with E ± (Q p,∞ ) ⊗ Q p /Z p (see the proof of Proposition 1.2). Then, the main conjecture is formulated as
where ( * ) ∨ is the Pontryagin dual (Kobayashi [12] ). These two conjectures are equivalent to each other ([12] Theorem 7.4) and, furthermore, each of them is equivalent to
where Sel 0 (E/Q ∞ ) is defined as in 0.3. The inclusion ⊃ is proved by using Kato's result [9] up to μ-invariants (Kobayashi [12] Theorem 1.3).
We give here a corollary of Corollary 0.6 in §0.1.
Then, the Iwasawa main conjecture for E is true; namely, char Sel
Proof. Corollary 0.6 implies that Sel(E/Q) p ∞ is infinite. Hence, by the control theorem for Sel
and thus, T divides f (T ) and g(T )
. Then, by our assumption, one of (f (T )) or (g(T )) equals (T ). Hence, the main conjecture for one of Sel 
Hence, if we assume the finiteness of X(E/Q(cos 2π/9))[3 ∞ ], we know that rank E(Q) = 1 and rank E(Q(cos 2π/9)) = 3. Note that we get this conclusion just from analytic information (the computation of modular symbols). 
We conjecture that if r > 0,
which is equivalent to Conjecture 0.2 in the case a p = 0. Note that if r = 0, we have
So the above conjecture (6) asserts that L
2 if and only if r = 0. We remark that the p-adic Birch and Swinnerton-Dyer conjecture would 
is the cyclotomic character, and R p,α (resp. R p,β ) is the p-adic α-regulator (β-regulator) of E. Hence, if we admit this conjecture, Conjecture (6) 
We now establish that L 
We know that the image of ξ i by exp * is L(i) times a non-zero element, and if ξ i is in H 1 f (Q p , V ), the image of ξ i by log : 
. Therefore, ξ s is in the Selmer group Sel(E/Q, V ) with respect to V , and # Sel(E/Q) p ∞ = ∞. This can be also obtained from Proposition 4.10 in Perrin-Riou [19] .
Next, we will show that rank E(Q) > 0 and ( * ) 0 imply (6). These conditions imply that ξ s is in H 
Constructing a rational point in E(Q)
We saw in the previous section that the value (f /g)(0)−(p−1)/2 is important to understand the Selmer group. In this section, we consider the case r = ord T =0 f (T ) = ord T =0 g(T ) = 1. We will see that the computation of the value f (0) − p−1 2 g (0) helps to produce a rational point in E(Q) numerically. To do this, we have to compute the value f (0) − p−1 2 g (0) to high accuracy, which we do using the theory of overconvergent modular symbols. 
For a congruence subgroup Γ
⊂ Γ 0 (p) ⊂ SL 2 (Z), we set Symb Γ (V ) = ϕ ∈ Hom(Δ 0 , V ) : ϕ γ = ϕ ,(μ|γ)(f (x)) = μ f b + dx a + cx .
Then Symb Γ (D(Z p )) is Steven's space of overconvergent modular symbols.
This space admits a Hecke-equivariant map to the space of classical modular symbols
by taking total measure. That is, ρ(Φ)(D) = Φ(D)(1 Zp ). We refer to this map as the specialization map.
Theorem 2.1 (Stevens) The operator U p is completely continuous on Symb Γ (D(Z p )).
Moreover, the Hecke-equivariant map
is an isomorphism. Here the superscript (< 1) refers to the subspace where U p acts with slope less than 1.
See [26] Theorem 7.1 for a proof of this theorem. 
Connection to p-adic L-functions. Now consider an elliptic curve
, the symbol ϕ f, α has slope 1/2 and the theorem applies.)
The overconvergent symbol Φ α is intimately connected to the p-adic Lfunction of E. Indeed,
the p-adic L-function of E viewed as a (locally analytic) distribution on Z × p . To verify this, one uses the fact that Φ α lifts ϕ f, α , that Φ α U p = α · Φ α and that, by definition, [21] and [6] , one can use the theory of overconvergent modular symbols to very efficiently compute the padic L-function of an elliptic curve. Indeed, by (7) , it suffices to compute the corresponding overconvergent modular symbol Φ α .
Computing p-adic L-functions. As in
To do this, we first lift ϕ f, α to any overconvergent symbol Φ (not necessarily a Hecke-eigensymbol). Then, using Theorem 2.1, one can verify that the sequence {α −n Φ U n p } converges to Φ α . Thus, as long as we can efficiently compute U p on spaces of overconvergent modular symbols, we can form approximations to the symbol Φ α .
To actually perform such a computation, one must work modulo various powers of p and thus we must make a careful look at the denominators that are present. If O denotes the ring of integers of Q p (α), then ϕ f, α ∈ 
It is then possible to lift ϕ f, α to a symbol Φ in 
is preserved by 1 α U p . (Note that the two conditions defining this set are clearly preserved by this operator. The key point here is that overconvergent symbols with integral moments satisfying these two conditions will still have integral moments after applying 1 α U p .) Thus, to form our desired overconvergent symbol using only symbols with integral moments, we begin with α 2 ϕ f, α ∈ αSymb Γ (O) and lift this symbol to an overconvergent symbol Φ in X. Then 1 α n Φ U n p is in X for all n and converges to α 2 Φ α . To perform this computation on a computer, we need a method of approximating an overconvergent modular symbol with a finite amount of data. Furthermore, we must ensure that our approximations are stable under the action of Σ 0 (p) so that Hecke operators can be computed. A method of approximating distributions using "finite approximation modules" is given in [21] and [6] Section 2.4 which we will now describe.
Consider the set
We then have a map
Moreover, one can check that the kernel of this map is stable under the action of Σ 0 (p). This allows us to give F (M) the structure of a Σ 0 (p)-module. As F (M) is a finite set, the space Symb Γ (F (M)) can be represented on a computer. Indeed, there is a finite set of divisors such that any modular symbol of level Γ is uniquely determined by its values on these divisors. Thus, any element of Symb Γ (F (M)) can be represented by a finite list of elements in F (M).
Moreover, since
these spaces provide a natural setting to perform computations with overconvergent modular symbols.
To compute the p-adic L-function of E, we fix some large integer M and consider the image of α 2 ϕ f, α in Symb Γ (O/p M ). One can explicitly lift this symbol to a symbol Φ in Symb Γ (F (M)). (See [21] for explicit formulas related to such liftings.)
In the ordinary case, one then proceeds by simply computing the sequence {α −n Φ U n p } which will eventually stabilize to the image of α 2 Φ α in Symb Γ (F (M) ).
However, in the supersingular case, α is not a unit and thus division by α causes a loss of accuracy. The symbol α −2n Φ U 2n p is naturally a symbol in F (M − n) and is congruent to α 2 Φ α modulo p n . By choosing M and n appropriately, one can then produce a U p -eigensymbol to any given desired accuracy.
Twists. Let
In particular, once we have constructed an eigensymbol that computes L p,α (E), we can use this symbol to compute the p-adic L-function of all real quadratic twists of E. (To compute imaginary quadratic twists one needs to instead use the overconvergent symbol that corresponds to ϕ − f,α .)
Computing derivatives of p-adic L-functions.
Once the image of Φ α has been computed in Symb Γ (F (M)) for some M, by evaluating at D = {0} − {∞} we can recover the first M moments of the p-adic L-function modulo certain powers of p. As in [6] pg. 17, we can also recover
where {a} denotes the Teichmüller lift of a.
Using these values one can compute the derivative of this p-adic L-
Since
So from the computation of the derivative of L p,α (E, s), we can easily compute the values of f (0) and g (0).
p-adic
Birch and Swinnerton-Dyer conjecture. We now give a precise statement of the p-adic Birch and Swinnerton-Dyer conjecture as in Bernardi and Perrin-Riou [1] . As before, E/Q is an elliptic curve for which p is a good supersingular prime with a p = 0. If r is the order of L p,α (E/Q, s) at s = 1, then this conjecture asserts that r = rank E(Q) and
where R p,α (E/Q) is the p-adic α-regulator of E/Q, and
(cf. also [4] , [19] ). In the case r = 1, we have
where P is some generator of E(Q)/E(Q) tors , and
If ν = ω E and if P is in the kernel of reduction modulo p, then h ω E (P ) = − logÊ(P ) 2 where logÊ :Ê(Q p ) −→ Q p is the logarithm of the formal groupÊ/Q p attached to E.
Assuming the p-adic Birch and Swinnerton-Dyer conjecture (with r = 1), equations (8), (9) and (10) 
Equating α-coefficients of both sides gives
, and (p + 1)P is inÊ(Q p ). The above formula can be written as
Note that the fact that we have two p-adic L-functions which are computable, gives us the advantage that logÊ ((p + 1)P ) is expressed by computable terms. We apply this formula to a quadratic twist of E, and have a twisted version of this equation. Let L p,α * (E d , T ) be the function in the T -variable corresponding to L p,α * (E d ) defined in 2.4. We assume that the rank of E d (Q) equals 1 and P d is a generator of the Mordell-Weil group modulo torsion. Also, we define f d (T ) and
). To carry out this computation, we need to first get a good p-adic approximation of z p (E, d) and thus a p-adic approximation ofP d . Then, we compute p-adic approximations of the (p + 1)-torsion in E d (Q p ). To find a global point, we translateP d around by these torsion points with the hope of finding some rational point that is very close p-adically to one of these translates. Fortunately, if we find a candidate global point, we can simply go back to the equation of E d to see if the point actually sits on our curve.
The key terms that need to be computed in order to
The most difficult of these terms to compute are f d (0) and g d (0). We cannot use Riemann sums to approximate f d (0) and g d (0), since in practice we will need a fairly high level of p-adic accuracy in order to recognize global points. (To get n digits of p-adic accuracy, one needs to sum together approximately p n modular symbols which becomes implausible for large n.) Instead, we use the theory of overconvergent modular symbols explained above to compute f d (0) and g d (0) to high accuracy.
For the remaining terms, computing invariants of the formal groupÊ/Q p is standard. (We used the package [25] . Lastly, to recognize the coordinates ofP d as rational numbers, we used the method of rational reconstruction as explained in [11] and, in practice, we used the recognition function in [7] .
2.9. The computations. We performed the above described computations for the curves X 0 (17) and X 0 (32) and the prime p = 3. (These computations were done on William Stein's meccah cluster.) For X 0 (17) (resp. X 0 (32)) we computed the associated overconvergent symbol Φ α modulo 3 200 (resp. 3 100 ). Because of the presence of the square root in (14), we then were only able to computeP d to 100 (resp. 50) 3-adic digits for X 0 (17) (resp. X 0 (32)).
For X 0 (17) (resp. X 0 (32)), we could find a global point on all quadratic twists 0 < d < 250 except for d = 197 (resp. 0 < d < 150) with gcd(d, 3N ) = 1. (For X 0 (17) 197 one could find a point via several different methods, but our method would require a more accurate computation of overconvergent modular symbols.) We made a table of these points in §4.
Another interesting example whose d is not in the above mentioned range is E d = X 0 (17) d with d = 328. We found a global point P = (28069/25, 3626247/125) on the curve
by the method which we described above. We also computed
From this local point, we produced a global point P = (1398, −46240) on the curve E 328 . This reflects well the fact that #X(E/Q) = 4 in this case. The point P = (1398, −46240) should be a generator of E(Q) modulo torsion.
The structure of fine Selmer groups and the gcd of f (T ) and g(T )
In this section, we will study the problem mentioned in §0.3, and the greatest common divisor of f (T ) and g(T ).
Greenberg's "conjecture" (problem). Suppose that Sel
, ... are as in §0.3. As we explained in §0.3, we are interested in the following problem (conjecture) by Greenberg.
en−1 , and we always have
Coates and Sujatha conjectured in [2] that μ(Sel 0 (E/Q ∞ ) ∨ ) = 0. In fact, they showed that μ 
In the following, we assume p is supersingular and a p = 0. As we explained in §0.3, a generator of char Sel 0 (E/Q ∞ ) ∨ divides both f (T ) and g(T ) (at least up to μ-invariants). Using this fact, we will prove what we mentioned in §0.3. Proof. Suppose, for example, λ(f (T )) = e 0 . Since one divisibility of the main conjecture was proved (cf. 1.5), this assumption implies (f (T )) = (T e 0 ) as ideals of Λ. If e 0 = 0, then f (T ) is a unit. Thus, Sel 0 (E/Q ∞ ) is finite and we get the conclusion. Hence, we may assume e 0 > 0. Then, Sel
e 0 (pseudo-isomorphic), and by the control theorem for Sel
, which implies the conclusion.
The gcd of f (T ) and g(T ).
We use the convention that we always express the greatest common divisor of elements in Λ of the form p μ h(T ) where h(T ) is a distinguished polynomial. Concerning the greatest common divisor of f (T ) and g(T ), we propose On the other hand, we have an exact sequence
hence, taking the Λ-torsion parts, we get an exact sequence
We write char((H
Hence, by Problem 0.7, any irreducible factor of (T ) is of the form Φ n . But Φ n does not divide the gcd of a and b, so does not divide (T ). Therefore, char((H 
Tables
In this section, we present two tables listing the rational points we constructed 3-adically on quadratic twists of X 0 (17) and X 0 (32). For each curve X 0 (N), we considered d such that d > 0, gcd(d, 3N ) = 1, and rank X 0 (N) x. These computations were done for the curve X 0 (17) (resp. X 0 (32)) using an overconvergent modular symbol that was accurate mod 3 200 (resp. mod 3 100 ). 
